Brinkman equation for a corrugated pipe using a spectral–Galerkin method  by Akyildiz, F. Talay & Bellout, Hamid
Computers and Mathematics with Applications 59 (2010) 2443–2451
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Brinkman equation for a corrugated pipe using a spectral–Galerkin
method
F. Talay Akyildiz a, Hamid Bellout b,∗
a Department of Mathematics, College of Arts & Sciences, Petroleum Institute, P.O. Box 2533, Abu Dhabi, UAE
b Department of Mathematical Sciences, Northern Illinois University, DeKalb, IL 60115, USA
a r t i c l e i n f o
Article history:
Received 1 June 2008
Received in revised form 1 March 2009
Accepted 3 March 2009
Keywords:
Brinkman model
Spectral–Galerkin method
Epitrochoid transformation
Variable coefficient Helmholtz equation
Darcy number
a b s t r a c t
This study numerically investigates the fully developed flow of a Newtonian fluid
in a porous-saturated corrugated pipe, on the basis of a Brinkman model. The
variable coefficient Helmholtz equation, which is obtained by means of an epitrochoid
transformation, is solved using a spectral–Galerkin method. The effects of both the Darcy
number and corrugation on the velocity field are discussed and presented graphically. The
nature of these effects is documented for the first time.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Interest in fluid flows through porous media is elicited in the context of the relevance of fluid flows to many engineering
applications. A representative but non-exhaustive list of such applications includes geothermal energy, underground coal
gasification and gas drainage, petroleum reservoirs, aquifer studies, catalyst bed testing, chemical leaching studies, filter
design, foam flow studies, fuel cells, nano-manufacturing and nano-material processing. For a general review and historical
background of the various models developed for flows in porous media, the reader is invited to consult the book by Nield
and Bejan [1].
The results presented are of a detailed analysis of the one-dimensional (1-D) axial flow of Newtonian fluids
through a porous-saturated pipe tube having a uniform cross-section and a noncircular boundary defined by r =√
ρ2 + e2 ρ2n+2
a2n
+ 2e ρn+2an f (θ), where n is the number of sides, f (θ) = {sin(nθ), cos(nθ)} and e is a small parameter such
that |ε|(n+ 1) < 1. The problem described above is governed by an equation in which the Helmholtz in two dimensions of
the velocity component ux(y, z), or in polar coordinates ux(r, θ), is equal to the pressure gradient, see Eq. (2.1). This is true,
of course, provided that the conditions are such that secondary flows are absent, which requires the Reynolds number to be
circumscribed.
In the non-porous case, many authors have examined axial 1-D flows through tubes of uniform cross-section that have a
variety of different boundary shapes. For example, in 1991, Phan-Thein [2] uses the epitrochoid transformation to obtain an
exact analytical solution for f (θ) = cos(nθ). Turian and Kessler [3] used the perturbation method to obtain an approximate
solution for r = R(1+ eg(θ)). They also obtained an explicit expression of the velocity field for g(θ) = sin2k(θ).
Regarding non-Newtonian fluids, Letelier and Siginer [4] were the first to describe natural coordinates and they derived
approximate expressions for the velocity and shear stresses for the family of viscoinelastic–viscoplastic fluids.
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Fig. 1. A schematic of the coordinates and dimensions of a rectangular passage.
In this work, consideration is given to the fully developed flow of a Newtonian fluid in a porous-saturated corrugated
pipe. A survey of the literature has shown there to be no previous attempts at studying this problem. This dearth of research
provides the motivation for the present work, in which the effect of the Darcy number and corrugation on the flow field are
explored numerically for the first time.
The results obtained reveal many interesting behaviors that warrant further study of the equations related to non-
Newtonian fluid phenomena, especially the shear-thinning phenomena. This work is already under way.
2. Mathematical formulation of the problem and the Fourier–Galerkin method
For a fluid passing through a rectangular passage, Fig. 1, the Brinkman momentum equation [5] is
µe
(
∂2u
∂y2
+ ∂
2u
∂z2
)
− µ
K
u− ∂p
∂x
= 0, (2.1)
where the pressure gradient is a constant, µe is the effective viscosity, µ is the fluid viscosity, and K the permeability.
Defining the non-dimensional variables as
y¯ = y
a
, z¯ = y
a
, M = µe
µ
, u¯ = 4µu
(a2∂p/∂x)
and Da = K
a2
, (2.2)
and using the non-dimensional variables in Eq. (2.1), we obtain (after dropping the bar)
M
(
∂2u
∂y2
+ ∂
2u
∂z2
)
− 1
Da
u+ 4 = 0, (2.3)
where Da is the Darcy number. Since the subject of the present investigation is to show the effect of the corrugations
and Darcy number on the flow field, we need to transform the flow domain; the conformal mapping adopted here is the
epitrochoid transformation (Muskhelishvili [6]):
z = x+ iy = reiθ = ξ + eξn+ 1
an
, (2.4)
where n ≥ 1 and e are constants and the transformed domain ξ is the inside of the unit circle:
ξ = ρeiϕ, 0 ≤ ρ ≤ a,−pi ≤ ϕ ≤ pi. (2.5)
In terms of x and y,
x = ρ cos(ϕ)+ eρ
n+1
an
cos((n+ 1)ϕ),
y = ρ sin(ϕ)+ eρ
n+1
an
sin((n+ 1)ϕ).
(2.6)
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This map is conformal provided |e|(n+ 1) ≤ 1; it maps the inside of the unit circle in the ξ -plane into n compact regions in
the z-plane with a corrugated boundary of n corrugations and of radius r given through
r2 = ρ2 + e2 ρ
2n+2
a2n
+ 2eρ
n+2
an
cos(nϕ). (2.7)
Since the radius varies in the range 1±e and there are n peaks, e can be regarded as the amplitude, and 2pi/n thewavelength
of the corrugation. A few examples for different cases are given in Figs. 4 and 9. Without much loss in generality, we only
consider the casewhere 0 < e < 1/(n+1). Now, under the epitrochoid transformation of (2.1), after using the dimensionless
variables (2.2) in (2.1), we obtain (after dropping the bar):
M
1
J
(
∂u
∂ρ
+ ρ ∂
2u
∂ρ2
+ 1
ρ
∂2u
∂ϕ2
)
− 1
Da
u+ 4 = 0. (2.8)
This is subject to following boundary conditions [3]:
u(q, ϕ) = 0, ϕ ∈ [0, 2pi), u is periodic in ϕ (2.9)
where above
J = ρ + e2(n+ 1)2ρ2n+1 + 2e(n+ 1)ρn+1 cos n(ϕ). (2.10)
We note that if we take 1/Da→ 0 in (2.8), the resulting elliptic equation has the following exact analytical solution:
u(ρ, ϕ) = {1− ρ2 + e2(1− ρ2n+2)+ 2eρ2n(1− ρ2) cos(nϕ)}. (2.11)
For 1/Da 6= 0, a closed-form exact analytical solution of Eq. (2.8) is not possible; hence, we need to use a numerical method
to find the approximate solution of (2.8). For the purposes of this work, the spectral–Galerkin method is employed.
In Cartesian coordinates, the partial differential Eq. (2.8) is an elliptic equation with smooth bounded coefficients. It is
therefore well known from the theory of elliptic equations (see Gilbard and Trudinger [7]), for example, that the boundary
value problem (2.8), (2.9) has a unique smooth solution u.
The classical variational formulation of (2.8) is to find u ∈ H10 (Ω) (Ω is the unit disc) such that
a(u, v) =
∫
Ω
uρvρρdρdϕ +
∫
Ω
1
ρ
uϕvϕdρdϕ +
∫
Ω
J
MDa
uvdρdϕ
= −4
∫
Ω
J
M
dρdϕ ∀v ∈ H10 (Ω). (2.12)
Since the change of variables from polar to Cartesian coordinates is known to be singular at the origin, Eq. (2.8) appears to
be singular at the origin and would seem to require that additional pole conditions be placed on the solution in order to the
expected regularity at the origin. In fact, if the function
u(ρ, ϕ) =
∞∑
|m|=0
(u1m(ρ) cos(mϕ)+ u2m(ρ) sin(mϕ)), (2.13)
were to be infinitely differentiable in Cartesian coordinates, the following pole conditions would need to be satisfied
(see [8]):
u1m(ρ) = O(ρ|m|), u2m(ρ) = O(ρ|m|) as ρ → 0, |m| = 1, 2, . . . . (2.14)
While we know from theoretical considerations on solutions to elliptic equations that our solution of (2.12) satisfies the
conditions (2.14), it is computationally impractical to impose all the pole conditions in (2.14). In fact, it is well known that
the variational formulation (2.12) is well defined if uϕ(0, ϕ) = 0 for ϕ ∈ [0, 2pi), or equivalently,
u1m(0) = u2m(0) = 0 form 6= 0. (2.15)
Because (2.15) is necessary to achieve the desired qualitative behavior of the solution to (2.12), wewill follow the established
tradition and call it the essential pole condition for (2.8). All other conditions in (2.14), which will be automatically satisfied
by the solution to (2.8), will be termed as natural or non-essential. In order to have a well-behaved numerical scheme we
need to ensure that we do not impose more boundary conditions than necessary. In particular, if the number of boundary
conditions imposed exceeds the order of the underlying differential equation, we are likely to end up with an ill-posed
linear system. On the other hand, ignoring the essential pole condition(s) will change the behavior of the solution and lead
to inaccurate results.
In [9], Shen has shown that the singularity of the solution u at the pole in Cartesian coordinates does not degrade the
accuracy of the spectral–Galerkin schemes; he has also concluded that the accuracy of a spectral approximation toHelmholtz
equation is only affected by the smoothness of the solution u in polar coordinates.
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Given a cutoff number S > 0, Eq. (2.13) reduces to
uS(ρ, ϕ) =
S∑
m=0
u1m(ρ) cos(mϕ)+ u2m(ρ) sin(mϕ). (2.16)
Substituting (2.16) into (2.8) and using the spectral–Galerkin method, we find u2m(ρ) ≡ 0(m = 0, 1, . . . , S) and u1m(ρ) are
the solutions of the following system:
1
M
(
u10ρρ +
1
ρ
u10ρ
)
+ (1+ e2(n+ 1)2ρ2n)
(
4− 1
Da
u10
)
− 1
Da
eρn(n+ 1)u11 = 0, form = 0
1
M
(
u1nρρ +
1
ρ
u1nρ −
n2pi
ρ2
u1n
)
+ 8eρn(n+ 1)− 1
Da
L(ρ, u1(n−1), u1n, u1(n+1)) = 0, form = n
1
M
(
u1mρρ +
1
ρ
u1mρ −
n2pi
ρ2
u1m
)
− 1
Da
L(ρ, u1m) = 0, form 6= n
1
M
(
u1sρρ +
1
ρ
u1sρ −
s2n2pi
ρ2
u1s
)
− 1
Da
L(ρ, u1(s−1), u1s, u1(s+1)) = 0, for s = kn

(2.17)
where L is a linear function and k is an integer.
Remark 2.1. The extra pole condition u1mr (0) = 0, (m = 0, 1, . . . ,M) is used in the work of Turian and Kessler [3] It is,
however, not part of the essential pole condition for (2.8). Although in most cases there is no harm in imposing an extra
pole condition, we choose not to do so since its implementation is more complicated. A Legendre–Galerkin approximation
is used for the system of differential equations in Eq. (2.17). The detail of the implementation of the method is described in
the following prototypical one-dimensional equation:(
u1sρρ +
1
ρ
u1sρ −
s2n2pi
ρ2
u1s
)
− RL(ρ, u1(s−1), u1s, u1(s+1))ρ = 0,
0 < ρ < 1; u1α(0) = 0(α = s− 1, s, s+ 1) ifm 6= 0, u(1) = 0,
(2.18)
where R is a constant. Traditionally, spectral algorithms treat (2.18) directly by using either a collocation (see [10] and [11])
or a tau method taking advantage of the inherent parity conditions in (2.18) (see [12], [13]). However, as discussed in detail
by Shen in [9], it is important to note that a direct treatment of (2.18) is not quite appropriate since the measure ρdρdϕ
related to the polar coordinate transformation is not taken into account. It is more suitable to use the following variational
formulation, which follows from (2.8): find F(m) such that∫ 1
0
u1sρ vρρdρ +
∫ 1
0
m2
ρ
u1svdρ + R
∫ 1
0
L(ρ, u1(s−1), u1s, u1(s+1))ρdρ = 0 ∀v ∈ F(m), (2.19)
where F(m) = H10 (0, 1) ifm 6= 0 and F(0) = {v ∈ H10 (0, 1) : uαs(1) = 0, α = s− 1, s, s+ 1}.
Thematrix form formulation of the linear system of Eq. (2.19) yields a positive definitematrix for 0 < R < 1 (i.e.Da ≥ 1).
Also, another advantage of formulation (2.19) is that the associated matrix is symmetric if L is independent of u1(s−1), u1s
and u1(s+1).
Now, let us derive a variational formulation for the Legendremethod,whichnecessitatesmaking the following coordinate
transformation ρ = (t + 1)/2. The result is(
v1stt +
1
(t + 1)v
1s
t −
s2n2pi
(t + 1)2 v
1s
)
− RL((t + 1), v1(s−1), v1s, v1(s+1)) = 0, t ∈ I = (−1, 1) (2.20)
v1s(−1) = 0 ifm 6= 0, v(1) = 0
where v1α(t) = u1α((t + 1)/2)(α = s− 1, s and s+ 1).
Let PN be the space of polynomials of degree less than or equal to N , and let
XN(m) = {v1α ∈ PN : v1α(±1) = 0} form 6= 0,
XN(0) = {v1α ∈ PN : v1α(1) = 0}.
The spectral–Galerkinmethods will seek approximations in XN(m). Thus, the Lagendre–Galerkin spectral approximation for
(2.20) is to find v1αN ∈ XN(m) such that ∀w1α ∈ XN(m)∫ 1
−1
(t + 1)v′1sN w′1sdt +
∫ 1
−1
m
(t + 1)v
1s
N w
1sdt + R
∫ 1
−1
L
(
(t + 1)
2
, v1s−1N , v
1s
N , v
1(s+1)
N
)
(t + 1)
2
dt = 0. (2.21)
Because of the boundary conditions, an appropriate basis of the functions must be used form = 0 andm 6= 0.
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Fig. 2. Convergence of the successive terms in (2.15) for Da = 1, e = 0.23 and n = 3, where (1) = u10, (2) = u13, (3) = 103u16, (4) = 106u19, (5) =
108u112 and (6) = 1010u115 .
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Da=1
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0.8
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0.2 0.4 0.6 0.8 1
u
ρ
Fig. 3. The effect of the Darcy number on the velocity for t = pi/6, ε = 0.23 and n = 3.
Fig. 4. Isovels for e = 0.23,Da = 0 and n = 3.
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Fig. 5. Isovels for e = 0.23,Da = 1 and n = 3.
Fig. 6. Isovels for e = 0.23,Da = 5 and n = 3.
Fig. 7. Isovels for e = 0.23,Da = 0.1 and n = 3.
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Fig. 8. The effect of corrugation on velocity profiles for Da = 1 and n = 3.
Fig. 9. Isovels for e = 0.15,Da = 0 and n = 5.
Let Pk(t) be the kth degree Legendre polynomials; then an appropriate basis of the functions is found to be{
XN(m) = span{ϑi(t) = Pi(t)− Pi+2(t) for i = 0, 1, . . . ,N − 2}
XN(0) = span{ϑi(t) = Pi(t)− Pi+1(t) for i = 0, 1, . . . ,N − 1}. (2.22)
3. Numerical results and discussion
In this section, we present some numerical experiments, without loss of generality. We may takeM = 1, and note that
the method described above gives exact analytical solution of Eq. (2.8) if 1/Da→ 0. We also find that the method yields a
good approximation even when using only a small number of basis functions for 1/Da 6= 0. Convergence of the solutions is
checked carefully for different values of the Darcy number and corrugations, and is now discussed in detail. The numerical
values of the successive terms are shown in Fig. 2 forDa = 1, where wemultiplied u16, u19, u112, u115 by 103, 106, 108, 1010,
respectively, in order to make these successive orders of approximations on the figure visible; since the effect of the last
term on the velocity field is less than 10−11, we can safely say that our results are accurate up to 10−11. The Darcy number
effect on the velocity field is explored in Fig. 3 for n = 3 and e = 0.23, which shows us that the effect is maximum at the
corrugated tube center and gradually decreases toward the boundary. We also see that a Darcy number equal to 1 reduces
the speed of the flow and that this effect is more than 20% at the center. For the same parameters as above, we give the isovel
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Fig. 10. Isovels for e = 0.15,Da = 1 and n = 5.
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Fig. 11. The effect of corrugation on the velocity profiles for Da = 1 and n = 5.
configuration in Figs. 4 and 5. Fig. 5 shows the effect of the Darcy number on the isovels. We see that the isovels contract to
the center. For fixed values of corrugation, when we increase the value of the Darcy number, we obtain less contraction, as
shown in Fig. 6; in otherwords, a decrease in the value of the Darcy number causes the isovel curves to contract at the center,
as shown in Fig. 7. The velocity field approaches a non-Darcian case for large enough Darcy number. From these figures it
is clear that decreasing the value of the Darcy number decreases the value of velocity; alternatively, increasing the Darcy
number increases the velocity. This effect has also been confirmed elsewhere [14]. Increasing the number of corrugations
increases the velocity, as has been shown in Fig. 8 for fixed Darcy number and number of waves (peaks). The effects of the
Darcy number and the corrugations on the velocity field for n = 5 are examined in Figs. 9–11. Fig. 9 shows the isovels with
Da = 0, i.e. without the Darcy effect. On increasing the value of the Darcy number, we obtain Fig. 10, which shows the
contraction in the isovels lines again, as in Fig. 5. Also, on increasing the corrugation, we obtain an increase in the value of
the velocity, as shown in Fig. 11 for fixed Darcy number and number of waves.
4. Conclusion
The Brinkman equation in tubes with transversally corrugated cross-sections with waviness (n, e), where n and e
represent the number of waves or peaks and e the corrugation or amplitude, is investigated. An approximate analytical
solution is derived for the velocity field. It has been observed that the result approaches a non-Darcian case for large enough
Darcy number, in which case we have an analytical solution. We also conclude that increases in the value both of the Darcy
number or amount of corrugation increase the velocity. Themethod developed here is so general that it can be used to study
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mathematical models that involve the flow of viscous fluids with shear rate-dependent properties; such work is already
under consideration.
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